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CRITICAL COMPRESSIVE STRESS FOR FLAT RECTANGULAR PLATES SUPPORTED 
ALONG ALL EDGES AND ELASTICALLY RESTRAINED AGAINST 
ROTATION ALONG THE UNLOADED EDGES 

By Eugene EL LuNDqtnsT and Elbbidge Z. Stowell 



SUMMARY 

A chart is presented for the values of the coefficient in 
the formula for the critical compressive stress at which 
buckling may be expected to occur in flat rectangular 
plates supported along all edges and, in addition, elasti- 
cally restrained against rotation along the unloaded edges. 

The mathematical derivations of the formulas required 
in the construction of the chart are given. 

INTRODUCTION 

In the design of stressed-skin structures for aircraft as 
well as in the design of compression members, it is 
desirable to know the compressive stress at which 
buckling occurs. In practice the structure is usually so 
imperfect or so eccentrically loaded that lateral deflec- 
tion starts with the beginning of loading. When lateral 
deflection starts with the beginning of loading, how- 
ever, there is usually a very pronounced increase in 
deflection at the critical compressive stress for which 
buckling would have occurred had the structure been 
perfectly shaped and centrally loaded. The evaluation 
of this critical compressive stress for a flat plate, with 
certain conditions of edge support, is discussed in this 
paper. 

When a flat plate is loaded in compression, the two 
loaded edges are either simply supported or restrained in 
some manner. If the two unloaded edges are not sup- 
ported, the plate is considered to be a column. When 
one or both of the unloaded edges are also supported or 
restrained in some manner, the critical compressive 
stress is greatly increased over that for the plate as a 
column. That the compressive stress is increased when 
one or both of the edges are supported or restrained has 
been recognized for years. Because of the importance 
of the edge conditions, formulas based on the assump- 
tion that each edge of the plate is free, simply supported, 
or fixed have been employed in design. (See the 
summary of these formulas given in reference 1.) 

A study of the theory and the more reliable test data 
on the buckling of plate elements in stressed-skin struc- 
tures and compression members revealed the necessity 
for a more careful consideration of the edge condition of 
plates than has been previously attempted. Accord- 
ingly studies were made of the critical compressive 
stress for I-, Z-, channel, and rectangular-tube sections 
in which proper consideration was given to the inter- 
action between the individual parts of the cross section. 



(See references 2, 3, and 4.) In order to make the re- 
sults of the work more generally applicable, studies were 
also made of the basic plate elements that constitute 
these sections. All the basic design charts resulting 
from this investigation were made available in 1938. 
The combination of the present paper with references 
2, 3, 4, and 5 is a more complete presentation of all this 
material. 

The basic element treated in this paper is a plate sup- 
ported along the four edges, elastically restrained against 
rotation along the unloaded edges but with no restraint 
against rotation along the loaded edges. The loaded 
edges are therefore considered to be simply supported 
according to the usual terminology. This basic element 
is representative of the webs of I-, Z-, and channel- 
section columns, of the walls of a rectangular tube,, and 
of the flat skin between the stiffeners of a stressed-skin 
structure. The basic element representative of an out- 
standing flange with elastic restraint against rotation 
along one unloaded edge is treated in reference 5. 

The mathematical derivations required for the investi- 
gation of the present paper are given in appendixes A 
and B. The results of practical use are given in the 
body of the paper. 

Bernard Rubenstein, formerly of the NACA staff, 
performed all the mathematical derivations required for 
appendix B, the presentation of which was adapted to 
the purposes of this paper. 

EVALUATION OF CRITICAL STRESS 

Within the elastic range. — Within the elastic range 
in which the effective modulus of elasticity is Young's 
modulus, the critical compressive stress/^ for a thin flat 
rectangular plate is expressed as (reference 6, p. 331, 
equation (214)): 

f - 

Jcr ~i2(r=7)F w 

where 

k nondimensional coefficient that depends upon condi- 
tions of edge restraint and shape of plate 
E Young's modulus 
t thickness of plate 
p Poisson's ratio 
b width of plate 

Beyond the elastic range. — When the plate is stressed 
in compression beyond the elastic range, the effective 
modulus of elasticity for the plate is less than Young's 
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modulus. If a single, over-all effective plate modulus 
i\E is substituted for Young's modulus E, the critical 
stress, when the material of the plate is loaded beyond 
its elastic range, can be obtained from equation (1). 
The nondimensional coefficient q has a value that lies 
between zero and unity and is determined by the stress. 
For stresses within the elastic range, ij=l. For a 
more complete discussion and definition of ij, see 
reference 2. 
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Figure 1.— Variation of/« with/,/* for 248-T aluminum alloy of minimum required 
properties. (When/„/»<19.6 klps/sq In., ,-1 and U-f»fa.) 

If i)E is substituted for i?in equation (1), the result- 
ing equation cannot be directly solved for/ 0f . If the 
equation is divided by ij, however, f„jr) is given directly 
by the geometrical dimensions of the plate, Young's 
modulus E, and Poisson's ratio n. ' Thus 

U kJEt 1 

v -I2(l- M s)6* 



(2) 



For a given material, the relationship between /„ and 
ferfrj tends to be fixed by the compressive stress-strain 
curve. This relationship is discussed in reference 2, 
where it is shown how probable relationships between 
f cr and /„/tj are obtained from the column curve for the 
material because column curves are more readily 
available than compressive stress-strain curves. The 
question is, therefore, what column formula should be 
used? Equations (8) and (9) of reference 7 define 
column curves that apply when the material just 
satisfies the minimum requirements of Navy Depart- 
ment Specification 46A9a for 24S-T aluminum alloy. 
The relationships between /„ and J„/ri for this case 
are given in references 2, S, and 4 and in figure 1 of 
this paper. 

The 24S-T material delivered under specification 
46A9a almost always has properties that are better 
than the minimum required properties. The rela- 
tionships between /„ and f cr /ri for the average 24S-T 
material delivered are given in figure 2. This figure 
has been prepared in the manner described in reference 
2; the column curves for average 24S-T material as 
given in reference 8 were used. 

Figures similar to 1 and 2 of this paper may be pre- 
pared for any material. The engineer using this paper 



must therefore decide whether the computation should 
be based on minimum required material properties or 
average material properties. 
Regardless of whether figure 1 or 2 is used, it is rccom- 

,_t+3V7 
4 



mended that the v- 



curve be used for all 



values of restraint against rotation until future experi- 
mental data indicate that a different curve should be 
used. In figures 1 and 2 the different equations involv- 
ing t merely identify different curves that result from 
the relationships indicated. The value of t is EfE, the 
ratio of the effective column modulus for bending failure 
at the stress to Young's modulus. 

EVALUATION OP Jfc 

The value of J„Jv a ^ which buckling occurs is given 
by equation (2), in which all of the quantities arc known 
except the value of the coefficient it. 

Equal restraints on the side edges of the plate. — 
From figure 3 can be obtained the values of k for the 
case of equal restraint on each side edge of the plate, 
which is a special case of the general solution in ap- 
pendix A for any restraint on either side edge of the 
plate. In the chart of figure 3, k is plotted against the 
ratio of half wave length to the plate width X/6 for dif- 
ferent values of a parameter e, termed the "restraint" 
coefficient. (Trayer and March in reference 9 refer 
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Fiona* 2.— Variation of /„ with Imln for 24S-T aluminum alloy of average properties 
(When/„/,<lS.7 klja/iq In., ,-1 and /„-/«/,.) 

to 6 as the "fixity" coefficient. In the present paper 
restraint coefficient was chosen to avoid confusion with 
the fixity coefficient c for columns.) 

The restraint coefficient « depends upon the relative 
stiffnessjof the plate and the restraining element along 
the side edge of the plate. The simplest conception of 
e is obtained when the restraining element, or stiffencr, 
is assumed to be replaced by an elastic medium in which 
rotation at one point docs not influence rotation at 
another point. For this type of restraining medium 
along the edge of the plate, within the elastic range 



4SJ, 



(3) 
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beyond the elastic range 



(4) 



where 

jSq stiffness per unit length of elastic restraining medium 
or moment required to rotate a unit length of 
elastic medium through one-fourth radian 

D flexural rigidity of plate, per unit length jj^j^^yj 



ij coefficient to allow for a decrease in D due to the 

application of stresses beyond the elastic range 
Inasmuch as n is a function of stress, its value for 
24S-T material can be obtained from figure 4 or 5, 
depending upon whether minimum required properties 
or average properties are being used. The values of 
n, ti, tj, also given in figures 4 and 5, occur in 
appendix A. 

If So is zero, e is also zero and the condition of zero 
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Fig csti 3.— General design chart giving values of i Cor equal restraint coefficients • on each side edge of the plate. — = 12 ( 1 . j1 ijj, 
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FiGURi *.— Variation of n, n, n, and i with the compressive stress /, for 24S-T 
aluminum alloy of minimum required properties. 
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Figube 3.— Variation of n, tj, tj, and ? with the compressive stress /, for J4S-T 
aluminum alloy of average properties. 
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restraint, or simple support, is obtained. If Sg is 
infinite, e is also infinite and the condition of infinite 
restraint or of a fixed edge is obtained. Therefore a 
variation of e from zero to infinity will cover all possible 
conditions of restraint at the side edge of the plate. 

Figure 3 shows that for each value of e there is a 
value of X/6 for which k is a minimum. Strictly, a 
whole number m of half wave lengths X must exist in 
the length of the plate a. Hence 



Thus, to read a value of it from figure 3, it is necessary 
to substitute m=l, 2, 3, etc. in equation (5) until a 
value for X/6 is obtained that gives the smallest value of 
k in figure 3. This smallest value of k is the one to be 
used in equation (1) or (2). This general procedure 
will always give the correct value of lc for use in equation 
(1) or (2) regardless of whether or not S a , and hence e, 
is a function of the half wave length X. 

For the special case in which S 0 , and hence e, is 
independent of the half wave length X, the general 
procedure described for obtaining a value for k can 
be used to construct a new chart, with the abscissa 
X/6 replaced by a/6. This new chart is given in figure 6. 

When So, and hence e, varies with X or X/6, figure 6 
should not be used but the general procedure as applied 
to figure 3 should be used to obtain the correct value of 
h for equations (1) and (2). 

Unequal restraints on the side edges of the plate. — 
The charts of figures 3 and 6 were drawn on the assump- 
tion that equal restraints exist along each side edge of 
the plate. If unequal restraints exist along each side 
edge, the method for equal restraints is applied, and 
one side restraint is used first and then the other. 
The average of the two values of it thus obtained is a 
reasonably good approximation of the true value of k. 
This average may be either th e ari thmetic mean, 
(&i+& 2 )/2, or the geometric mean, V&ik- The value of 
k as given by each of these averages is compared with 
the true value of & in table I for a number of special 
cases. For all of the cases except the last three in 
table I, the values of it! and k% were read at the value of 
X/6 that gave the minimum k. In the last three cases 
the values of it! and it 2 were read at the same value of 
X/6. 

Inspection of table I shows that, when the values of 
ki and k t are read near the minimum points of the 
curves for «i and «j, respectively, the arithmetic mean 
generally gives smaller errors than the geometric mean 
although either one could be used without serious 



error in practical problems. On the other hand, if 
the values of k t and k 2 are read at the same value of 
X/6, the arithmetic mean gives definitely larger errors. 
It is therefore recommended that the geometric mean 
be used when the value of X/6 is fixed. Either method 
may be used when the values of ki and k t are read near 
the minimum points. 

When the critical compressive stress for unequal 
restraints is found by the method of the geometric 
mean, the error in it, and hence the error in the critical 
stress for problems in the elastic range, is less than 3 
percent. Beyond the elastic range it is more conserva- 
tive -to average the two critical compressive stresses 
than to average the corresponding values of k and then 
to compute the critical compressive stress. 

EVALUATION OF S, AND e 

Before it is possible to determine k from figure 3 
or 6, it is necessary first to evaluate the restraint coeffi- 
cient e. The value of So to be substituted in equation 
(3) or (4) will depend upon the characteristics of the 
structural member, or members, that provide the 
restraint. In this paper it is assumed that the restraint 
is provided by a specially defined elastic restraining 
medium. As a result of this assumption, it has been 
possible to derive the general chart of figure 3, which 
is independent of the structure that provides the 
restraint. 

The basic property of the elastic restraining medium 
is that rotation at one point of the medium does not 
affect rotation at another point of the medium. In 
many practical problems the elastic restraint is pro- 
vided by a stiffener, a plate, or some other structure 
for which rotation at one point affects rotation at 
another point. Consequently, the evaluation of So 
in any given problem must take into accoimt the effect 
of this interaction within the elastic restraining 
structure. 

The formula for So to be used in any given problem 
will depend upon the type of structural member that 
provides the restraint. Because this entire subject of 
the restraint supplied to the side edge of a plate has 
been rather superficially treated in the literature, it is 
being made the subject of several papers by the 
NACA, the first of which is reference 10. 



Langley Memorial Aeronautical Laboratory, 
National Advisory Committee for Aeronautics, 
Langley Field, Va., March 8, 1941. 
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APPENDIX A 



SOLUTION BY DIFFERENTIAL EQUATION 



The procedure for obtaining the critical stress of a 
plate uniformly compressed along two opposite, simply 
supported edges is given in reference 6 (p. 337). In 
this method, which was also used by Dunn in reference 
11, the critical stress is found by solving the differential 
equation expressing the equilibrium of the buckled 
plate. The same method is applied in the present paper 
to the case in which unequal elastic restraints against 
rotation are present along the unloaded side edges of 
the plate. For generality, the elastic restraint is as- 
sumed to aiiso from an elastic medium distributed along 
the unloaded edges; this medium has the basic property 
that rotation at one point within it does not influence 
the rotation at any other point. 

Figure 7 allows the coordinate system and the plate 
dimensions. The differential equation for equilibrium 
of a plate element is 




Fiouas 7.— Rectangular plate under edge compression. 

J t w=^ Ti w+ 2T *ww +Ti w) (A_1) 



where 



/ uniformly distributed compressive stress 
t thickness of plate 
104 



w deflection normal to plato 

x longitudinal coordinate in direction of applied 
stress 

D flexural rigidity of plate, per unit length 

y transverse coordinate across width of plate 

T U t 2 , and r, coefficients equal to or less than unity 

In equation (A-l) the term fti&wfdx*) is concerned 
with the external forces on the plate that cause buckling; 

, , b*iv , „ 5 4 u> , d 4 u>\ . 

whereas the term — L^Ti^ r -r-2T i & ^^ 1 +T 8 ^ J is con- 
cerned with the internal resistance of the plate to 
buckling. The terms involving n and r» in equation 
(A-l) are concerned with the longitudinal and the 
transverse bending, respectively; whereas the term in- 
volving r» is concerned principally with the torsional 
stiffness. The coefficients t u r 4l and r t allow for the 
change in the magnitude of the various terms as the 
plate is stressed beyond the elastic range. In the 
elastic range Ti=r 2 =r s =l. 

The loaded edges are simply supported and are not 
displaced in the direction w. Of the several forms of 
the general solution of equation (A-l) the following 
form was selected as appropriate for this problem: 

w=(<7, cosh f+C 2 sinh ^+C t cos ^ 

+C 4 sin ^)cos "(A-2) 



where 



t _I2(l-/W 



(A-5) 



Equation (A-2) satisfies the boundary conditions at 
the loaded edges and gives real values for both a and 0 
near the buckling stress j = j a - 

The values of the coefficients Ci, Ci, Ci, and C\ arc 
to be found from the boundary conditions along the 
side edges of the plate. The value of X, the half wave 
length of the buckle pattern, is found from the condition 
that there must be an integral number of half wave 
lengths in the length a of the plate; thus 



X=^ 
m 



CA-8) 



where m=l, 2, 3, etc. 
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In the elastic range, where n=r a =rj=l, the values 
of a and 8 are 



(A-7) 
(A-8) 



The solution given by equation (A-2) was selected 
to satisfy the boundary conditions of no deflection and 
simple support (no moment) along the loaded edges. 
The boundary conditions along the unloaded side edges 
have also to be satisfied. The boundary conditions 
along the unloaded side edges are: 



t~ 


6 = 0 

-2 " 


(A-9) 


K. 


6 = 0 


(A-10) 






(A-ll) 






(A-12) 



where Si and St are the respective stiffnesses per unit 
length of the elastic restraining mediums or the moments 
required to rotate a unit length of the medium through 
one-fourth radian. 

From equations (A-9) and (A-10) are obtained 



Cj= — C\ 



cosh ^ 



cos 2 



Ci — — Ct 



sinh ^ 

sin ! ~ 
am 2 



(A-13) 



(A-14) 



From equations (A-ll) and (A-12) are obtained 
C^tf+ft cosh §+*§*(« sinh f +(3 cosh § tan §)] 

+0 1 ) sinh | +^(« cosh f-0 sinh f cot §)] 
=0 (A-15) 
C 1 [(a I + ft cosh f sinh |+/S cosh § tan §)] 

+C^y+P) sinh | +^(« cosh |-)8 sinh | cot |)] 

=0 (A-16) 

The buckled form of equlibrium of the plate is 
obtained when the determinant formed by the coeffi- 
cient of Ci and 0 % in equations (A-15) and (A-16) 
equals zero. Thus 



■[(aF+ff)+«i(« tanh §+/? tan f)] 

■. [(a?+ ft + COth ~-B cot I)] 
+[(« 2 +j3 2 )+6 J (atanh ~+8 tan |)] 

[(a 1 + J 8 s )+ et ( a coth f-0 cot f)]=0 



where 



4S.6 



(A-17) 

(A-I8) 
(A-19) 



Equal restraints on the side edges of the plate. — 

When £i=et—e, equation (A-17) reduces to 



^+^+«(a tanh |+/S tan 

j^+^+e^a coth |-jS cot |)]=0 (A-20) 

The symmetrical buckled form of equilibrium is 
obtained by setting the first of these factors equal to 
zero: 



tanh tan 



(A-21) 



This equation is the same as equation (14) of reference 
11. The antisynrm etrical buckled form of equEibrium 
is obtained by setting the second factor ia equation 
(A-20) equal to zero: 

o*+ p*+ e(a coth ~ p cot 0= 0 (A-22) 

Of these two buckled, forms the symmetrical form 
given by equation (A-21) will occur at the lower critical 
stress. Therefore equation (A-21) was used to estab- 
lish, the exact values of k given in table II. 

The condition of both side edges fixed is described 
by e= ro , for which case equation (A-21) becomes 



a tanh |+/S tan |=0 



(A-23) 



It is of interest to compare this equation with the equa- 
tion given by Timoshenko in reference 6 (p. 345). In 
Timoshenko's equation, the symmetrical and the 
antisymmetries! factors have not been separated as 
they have been in this paper. 

The condition of both side edges simply supported 
(no restraint) is described by «=0. For this special 
case, the problem is to find the smallest value of k^0 
that will satisfy equation (A-21) when e=0. A con- 
venient method for determining this value of it is first 
to solve for «: 



e=- 



LE 8 

a tanh |+jS tan |- 
When k=0, it is observed that cP+B*=Q and hence 



(A-24) 
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«=0. All values ol k greater than zero give a finite, 
positive value for a*+j3* as well as for a tanh a/2. 
Consequently, the only values. of it greater than zero 
that can make t=0 are those values that render 
j8 tan 0/2 infinite. The smallest value of jS that causes 
/3 tan j8/2 to be infinite is f)=ir. Therefore the smallest 
value of k that gives j8=x is obtained by substituting 
0=ir in equation (A-4) or 

from which the value of k for «=0 is 

This equation shows that k is a function of the half 
wave length, X. If the plate islong, X/6 will adjust itself 



so as to cause k to have its minimum value. This 
value of X/6 is which gives 

fc»t»=2(r 2 +V^) (A-27) 

In the elastic range in which ri=T a =r,= l, these 
equations give X/6=l and /r m in=4. 

Unequal restraints on the side edges of the plate. — 
When the restraint coefficients «j and h at the two side 
edges of the plate arc unequal, equation (A- 17) must 
be used to establish the value of k and hence the critical 
value of the compressive stress /. This method of 
establishing k is long and cumbersome. A much 
shorter and more easily applied method is therefore 
desirable for practical application. The recommended 
short method given in the main part of this paper gives 
good approximate values. 



APPENDIX B 



SOLUTION BY ENERGY METHOD FOB EQUAL SIDE RESTRAINTS 



Because the exact solution of the differential equation 
given in appendix A does not lend itself to a direct 
calculation of k> as in the case of the energy method of 
solution, an energy 'solution was made to aid in the 
construction of the chart of figure 3. The energy 
method gives approximate values for k, the accuracy of 
which depends upon how closely the assumed deflection 
surface describes the true deflection surface. 

The energy method as applied to the calculation of 
critical compressive stresses is given in reference 6 
(p. 327). The plate is stable when (V 1 +V 1 )>T and 
unstable when (Vi+VjXT where Tis the work done 
by the compressive forces on the plate, Vi is the strain 
energy in the plate, and V t is the strain energy in two 
elastic restraining mediums at the edges of the plate. 
The critical stress is obtained from the condition of 
neutral stability: 

T=Vi+V t (B-1) 

If w is the deflection normal to the plate at any 
point x, y in the plane of the plate shown in figure 7 
and S 0 =Si=Sa (see appendix A), then T, V u and V s 
are given by the following equations. (See reference 6, 
equations (199) and (201) and reference 9, equation 
(73).) 

2 ~2 

(B-4) 

In order to evaluate T, V u and V%, it is necessary 
to assume a deflected surface w consistent with the 
boundary conditions. These conditions specify that 



along the two side edges of the plate there be (1) no 
deflection and (2) equal restraint against rotation. The 
side edges will therefore be subjected to equal and op- 
posite edge moments. A plate with no restraining 
moments at its edges buckles in the form of a sine 
curve across the plate. A beam with equal and oppo- 
site end moments deflects into a circular arc. Both 
the sine curve and the circular arc satisfy the condition 
of zero deflection at the side edges of the plate. Conse- 
quently, for the deflection curve across the width of 
the plate, a curve given by the sum of a circular aro 
and a sine curve was selected. In the direction of the 
length, the usual sine curve indicated by the solution 
of the differential equation is used. Thus the deflec- 
tion surface assumed for the plate is, in the coordinate 
system of figure 7, 

«=[^-^)+(^+s)co,^]cosH (B-5) 

where A and B are arbitrary deflection amplitudes. 

The combination of A and B in equation (B-5) was 
selected so that A = 0 would represent the condition 
of simply supported side edges and 5=0, the condition 
of fixed side edges. The ratio A/Bis therefore a meas- 
ure of edge restraint and is related to the restraint 
coefficient e through the boundary condition: 

Substitution of w as given by equation (B-5) in 
equation (B-6) gives 

A~B (B-7) 

where, by definition, 

e=^ (B-8) 

Substitution of the value of A as given by expression 
(B-7) in equation (B-5) gives 

"HjS^-^+H) -?]«-? <m> 
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This new equation for w shows how the shape of the 
deflection surface is affected by the restraint coefficient e. 
This equation is used in the evaluation of T, V u and Vj. 



Thus 



v,=Br- 



2b 3 



(B-12) 



It is permissible to substitute these values in 
equation (B-l) only when the compressive stress j has 



its critical value /„■. From this substitution, 



where 



k=± 



(B-12) 



(B-14) 



Equation (B-14) was used to calculate the values of 
k listed in the columns (a) of table II. With these values 
of k as a guide, a number of correct values of k were 
obtained by satisfying equation (A-21) of appendix A. 
In this manner the errors in k as given by equation 
(B-14) were established at isolated points. From this 
knowledge of the errors, corrections were made to all 
the values of k given in columns (a) of table II. These 
corrected values of it, which are recommended, are listed 
in the columns (6) of table II. The recommended 
values of k were used in the construction of figures 3 
and 6. 
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TABLE I.— COMPARISON OF APPROXIMATE AND 
EXACT VALUES OF k FOR A PLATE WITH UNEQUAL 
ELASTIC RESTRAINTS AT THE UNLOADED EDGES 
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TABLE II. — VALUES OF k IN THE BUCKLING FORMULA FOR A LONGITUDINALLY COMPRESSED RECTANGULAR 
PLATE WITH EQUAL ELASTIC RESTRAINTS ON TWO OPPOSITE SIDE EDGES 





0.4 


0.6 


0.6 


0.7 


0.8 


0JI 


L0 


1.1 


m \^ 




W 


w 


W 


W 




(«) 


C«) 


to 


CD 


to 


C« 


(«) 


(6) 


to 


C») 


0 


8.410 


•8.410 


6.250 


•6.250 


6.138 


«fi.l38 


4.631 


•4.531 


4.203 


•4.203 


4.045 


•4.045 


4.000 


•4.000 


4.036 


•4.036 


0.5 


8.442 


8.438 


5.293 


6.291 


5.203 


fi. 206 


4.527 


4.627 


4.327 


4.326 


4.202 


4.202 


4.194 


4.194 


4.271 


4.271 


I 


8.473 


8.468 


6.346 


6.333 


6.276 


5.271 


4.716 


4.715 


4443 


4.441 


4.348 


4.347 


4.374 


4.373 


4.488 


4.487 


1.6 


8.603 


8.497 


6.390 


6.376 


6.337 


fi.331 


4.799 


4.797 


4.660 


4.547 


4.483 


4.481 


4.539 


4.638 


4.687 


4.685 


2 


8.631 


■8.525 


6.432 


6.414 


5.395 


£.387 


4.876 


4.873 


4. 660 


4.646 


4.603 


4.605 


4.693 


4.691 


4.872 


4.870 


3 


8.685 


8.572 


6.510 


6.487 


6.601 


S.4&I 


5.017 


5.012 


4.831 


4.825 


4.833 


4.829 


4,968 


4.966 


£.203 


5.200 


4 


8.634 


8.811 


6! 579 


6.551 


5.596 




5.141 


5.134 


4.989 


4.982 


5.030 


5.025 


£.203 


£.205 


5.490 


6.487 


6 


8.079 


8.649 


6. 642 


6.611 


5.680 


6.666 


5. 291 


5.243 


5.128 


5.120 


5.203 


£.198 


£.419 


5.415 


5.743 


6.739 


« 


8.720 


'8.694 


6.699 


6.665 


5.756 


•6.741 


5.369 


5.359 


5.253 


5.244 


£.357 


£.351 


5.605 


£.601 


5.965 


6.960 


7 






6.750 


6.714 


5.825 


5.809 


5.438 


5.427 


5.364 


5.355 


5.494 
5.617 


£.487 
5.609 


£.771 
£.920 


£.766 
5.914 


6.164 
6.341 


6.169 
6.336 


8 


8.703 


8.746 


6.797 


6.768 


6.886 


5.868 


5.617 


5.505 


5.464 


5.454 


10 


8.834 


8.801 


6.879 


6.837 


6.994 


5.974 


£.655 


5.640 


6.636 


5.625 


5.829 


5.820 


6.178 


6.169 


6.646 


6.639 








6.949 


6.904 


6.085 


6.063 


5.770 
5.951 


5.752 


5.780 
6.005 


5.768 
£.992 


6.005 
6.279 


5.995 
6.268 


6.388 
6.718 


6.380 
6.708 


6.897 
7. 289 


6.889 
7.280 


it 


8.091 


8.927 


7.060 


7.012 


6.228 


6.203 


5.929 


20 


0.067 


•8.989 


7.145 


'7.095 


6.336 


6.309 


6.087 


6.063 


6.173 


6.159 


6.484 


6.472 


6.963 


•6.962 


7.579 


7.569 


2G 






7.226 


7.174 


6.439 


6.410 
6.487 


6.216 
6.314 


6.190 
6.287 


6.331 
6.451 


6.316 
6.435 


6.676 
6.821 


6.663 
6.807 


7.193 
7.367 


7.181 
7.354 


7.850 
8.056 


7.839 
8.044 


30 


9.168 


9.092 


7.288 


7.234 


6. 517 


38 






7.337 


7.281 


6.579 


6.548 


6.391 


6.363 


6.546 
6.622 


6.529 
6.605 


6.935 
7.027 


6.920 
7.011 


7.503 
7.612 


7.489 
7.597 


8.216 
8.345 


8.203 
8.332 


4U 


9.239 


9.158 


7.377 


7.320 


6.629 


6.597 


6.453 


6.424 


sa 


9.287 


9.204 


7.438 


7.380 


6.706 


6.671 


6.547 


6.617 


6.737 


6.719 


7.166 


7.149 


7.777 


7.781 


8.538 


8.524 


70 






7.515 


7.456 


6.802 


6.786 


6.666 


6.635 


6.SS2 


6.863 


7.340 


7.322 


7.984 


7.967 


8.782 


8.767 


100 


"9."40f 


"9."312" 


7.580 


7.519 


6.882 


6.845 


6.785 


6.733 


7.001 


6.981 


7.484 


7.465 


8155 


8. 137 


8.983 


8.967 


TUT 






7.634 


7.672 


6.950 


6.912 


6.848 
6.891 
6.974 
7.032 


6.815 
6.858 
6.940 
6.997 


7.102 
7.165 


7.082 
7.134 
7.234 
•7.30* 


7.604 
7.688 
7.788 
7.872 


7.584 
7.648 
7.767 
7.850 


8.298 
8.373 
8.516 
8.615 


8.279 
8.353 
8.494 
•8.593 


9.150 
9.238 
9.405 


9.134 
9.221 
9.387 


200 






7.663 


7.600 


6.985 


6.946 


500 






7.719 


7.655 


7.053 
7.101 


7.013 


7.265 
7.328 




9.545 


•9. 448 


7.757 


•7.692 


7.069 


\ X/6 


U 


IS 


t 


4 


1J 


LB 




2.0 




i 


(«) 


»1 


M 


(4) 


(a) 


(4) 


to 


(ft) 


to 


(5) 


to 


(5) 


to 


(5) 




a 


4.134 


•4.134 


4.282 


'4.282 


4.470 


•4.470 


4.694 


'4.694 


4.951 


•4.961 


£.549 


•5.549 


6.250 


•6.250 






0.5 


4.414 


4.414 


4.610 


4.610 


4.850 


4.850 


6.181 


6.131 


6.447 


5.447 


6.176 


6.176 


7.026 


7.025 






i 


4.671 


4.670 


4.911 


4.911 


5.199 


5.199 


5.530 


5.630 


5.901 


5.901 


6.751 


6.751 


7.733 


7.732 






1.5 


4.908 


4-.906 


5.188 


6.187 


6.820 


5.520 


5.898 


6.897 


6.320 


6.320 


7.279 


7.278 


8.384 


8.383 






2 


5.126 


6.124 


5.414 
6.901 


5.443 


6.816 


5.816 


6.237 


6.236 


6.705 


6.704 


7.785 


7.764 


8.984 


8.983 






3 


5.618 


5.516 


5.899 


6.346 


6.344 


6.843 


6.842 


7.382 


7.391 


8.632 


8.631 


10.051 


10.050 






1 


6.858 


5.855 


6.298 


6.296 


6.803 


6.802 


7.366 


7.365 


7.986 


7.984 


9.380 


9.378 






5 


6. 165 


6.151 


6,645 


6.643 


7.203 


7.202 


7.824 


7.822 


8.604 


8.502 














G 


6.418 


.6.414 


6.951 


'6.B4S 


7.665 


7.553 


8226 


8.224 


8 961 


8959 


10.607 


•10.605 










7 


6.651 


6.646 


7.222 


7.219 


7.865 


7.863 


8.584 


8.582 


9.366 


9.364 














8 


6.860 


6.856 


7.465 


7.461 


8.147 


8.144 


8.903 


8.900 


















10 


7.218 


7.212 


7.881 


7.877 


8.620 


8.623 


9.448 


9.444 


















12 


7.513 


7.507 


8.224 


8.220 


9.020 


9.017 


9.897 


9.893 


















16 


7.872 


7.965 


8.755 


8.750 


9.630 


9.623 






















20 
25 


8.311 
8.628 


8.303 
8.619 


9.148 
9.615 


'9.143 
9.509 


























30 


8.868 


8.859 


9.791 


9.785 


























35 


9.055 


9.046 






























40 


9.205 


9.195 






























50 


9.430 


9.420 






























70 
100 
150 
200 
500 


9.709 


9.098 































• Values obtained from the energy method. 



» Recommended rallies. 



• Values obtained from the exact solution of the differential equation. 



